Theory of General Relativity is considered from the point of view of its general structure; it has been showed that if one assumes any connection to be a metric connection then Cartan tensor must necessary be completely antisymmetric, and an example of application is considered in the case of Lie group theory. Under a geometrical point of view, Cartan tensor is thought to represent the Torsion of the space; a completely antisymmetric torsion is the superfield which squashes S 7 , inducing the mechanism of spontaneous compactification of the 11-dimensional space, in multidimensional theories, or in alternative, in 4-dimensional theories, torsion is the reaction of the spacetime to the presence of spin, and modified field equations are presented, as well as possible ways to detect torsion from a cosmological and a microscopical point of view.
Introduction 1 The Structure of General Relativistic Theories with a Completely Antisymmetric Cartan Tensor
General Relativity is the geometrical theory in which the basic entity is the tensor; in a mathematical language, tensors are defined by a very specific transformation law of their components, when the frame in which the components are written is changed (see, for example, Dubrovin, Fomenko and Novikov in [11] ).
Tensors
According to the definition of tensors, after their analytical decomposition, each component is labeled by a set of two different kind of indices, namely upper and lower, and we can move them, lowering upper and raising lower indices, by using, respectively, the metric tensor g αβ and the inverse metric tensor g αβ , such that g αβ g α µ = δ µ β , being δ the Kronecker tensor.
The differential properties are defined by requiring that the differential operator acting on tensors gives as a result a tensor; since it is well known that the partial derivative of a tensor is not a tensor, we need to introduce an auxiliary field Γ called Connection, whose transformation law must be a very specific non-tensorial law, so to compensate the non-tensoriality of the partial derivative of the tensor, giving as final result a tensor. This requirement together with the differential structure (linearity and Leibniz rule) are enough to fix completely the form of the covariant derivative of a tensor field T as From the commutator of two covariant derivatives, it is possible to define two objects, written in terms of the connection alone: the first is
antisymmetric in the second and third index, and the second is
antisymmetric in the third and fourth index; although defined in terms of the connection, they are tensors, respectively called Cartan tensor and Riemann tensor. They verify the identities
and
called Bianchi-Jacobi identities.
Metricity Condition (M)
The connection turns out to be one of the most fundamental structure a space can be endowed with. It is possible to show that a general connection can be decomposed in its irreducible parts; in fact, we can calculate the covariant derivative of the metric tensor itself by using the definition (1) in the case of two lower indices
and it is a matter of straightforward calculations to see that, given the definition of the Cartan tensor, we can invert this expression to get the general connection decomposed as
where
and where
anyway, it is only the first part which has in heritage the transformation law of the connection, so, the quantity defined in equation (7) is a connection, called Levi-Civita Connection (a discussion about connections in general and their decomposition is presented by Wasserman in [12] ). Levi-Civita connection defines a covariant derivative ∇ α that once applied on the metric tensor gives zero, i.e. ∇ α g µν ≡ 0, and it is symmetric in the two lower indices; moreover, it is the only connection verifying both these conditions (see Wasserman [12] ).
When a general connection satisfies the condition
called Compatibility condition, or Metricity (M), it is called Metric Connection; and when
it is called Symmetric Connection, because in this case the connection is symmetric in its two lower indices. In the following we won't deal with symmetry condition of the connection, and we will concentrate ourselves on metricity.
Metricity condition, under a mathematical viewpoint, states that the metric can pass through the covariant differential operator; this means that the procedure of covariant differentiation and the procedure of raising/lowering indices do commute.
If one assumes metricity condition to hold then we have that expression (8) reduces to
and the decomposition of the connection we have seen in equation (6) reduces to
where Λ is the Levi-Civita connection given by the expression (7), and the tensor K is given by (9) ; explicitly, we have
and this decomposition can be further developed as
in it, the first term is the Levi-Civita connection and it is symmetric in the two lower indices, the second term is tensorial and symmetric in the same couple of indices and the third term is tensorial but antisymmetric in the same indices.
Metricity Condition for Any Connection (HM):
Completely Antisymmetric Cartan Tensor. On the basis of these considerations, if one assumes the covariant derivative of the metric to be zero as a matter of principle, this should hold for a generic covariant derivative, and thus, for any connection. When the metric verifies the condition of Metricity (M) for any connection defined in the space we will say that the metric verifies the condition of Hyper-Metricity (HM).
If we have a look at the connection (12) , it is clear that also the quantity
is a connection, and, under the hypothesis of Hyper-Metricity, it also has to be a metric connection; but this connection is symmetric, and a symmetric-metric connection is necessary the Levi-Civita connection, so
which gives the tensorial condition
The condition (14) expresses the antisymmetry in the first and second index of Cartan tensor, which was by definition antisymmetric in the second and third index; this gives the complete antisymmetry of the Cartan tensor
So, if one assumes the HM condition, then one must assume a completely antisymmetric Cartan tensor.
The first consequence of this statement is that Cartan tensor is irreducible
and this feature is a very interesting consequence of this discussion, because it means that no decomposition of Cartan tensor is allowed. Having this condition, the connection (12) reduces to
and it admits only one other sub-connection, which is the symmetric Levi-Civita connection. After this decomposition of the connection, the metric g and the completely antisymmetric Cartan tensor Q turn out to be the fundamental tensors of the tensorial calculus; Riemann tensor written in terms of the Levi-Civita connection is defined as R and it is called Riemann Curvature tensor, and, with it, Riemann tensor G can be written as
and we can see that it is antisymmetric also in the first and second index; consequently, we can define its unique independent contraction to be G µ α µβ = G αβ called Ricci tensor, whose contraction is G αβ g αβ = G called Ricci scalar.
Jacobi-Bianchi identities (4) are fully contracted as
and this tells us that Ricci tensor has the antisymmetric part equal to the divergence calculated with respect to the Levi-Civita connection of the Cartan tensor. Jacobi-Bianchi identities (5) are fully contracted as
Tensors, Vectors and Semisimple Lie Groups
Let us consider an application of the general structures studied above from the point of view of the basis of vectors. A basis of vectors can be defined as a set of linearly independent vectors {ξ µ (b) }, and we can also introduce the dual basis defined as the set of linearly independent vectors {ξ
the indices in parenthesis are not tensorial indices, but indices which label the vector of the basis we are considering, and they are called internal indices.
If the vector fields {ξ θ (a) } represent the generators of a transformation of a Lie group, they form a basis for the correspondent Lie algebra, for which we can calculate the commutators, hence the structure constants C as
if they are zero the basis is called Holonomic, Anholonomic otherwise. In this case, if the Lie group is semisimple, we can calculate C k ai C a k j = η i j ; the matrix η is a nondegenerate symmetric matrix we can choose to be the metric for the Lie group, and with which we can lower the upper index of C to get η kc C k ab = C abc , which turns out to be completely antisymmetric.
A general anholonomic basis can be orthogonalized by choosing the orthogonality conditions
where the matrix η verifies η ab η bc = δ a c . In the following, we will choose an anholonomic orthogonal basis of generators for a Lie group.
Using the basis, it is possible to define these two fundamental structures: the metric of the space is defined by inverting the relations (23) , to get (25) and the connection is defined as
this connection defines a covariant derivative according to equation (1), which has a very particular form, and, once contracted with one of the vector of the basis, so to give a covariant directional derivative along the vector, it yields
, in which we recognize the form of the Lie derivative; we can write 27) and in this picture, the metricity condition (10) represents the assumptions of isometry under these transformations: this case is then a very particular application of the ideas contained in the discussion above. By using the conditions of orthogonality (23) and (24), and when the anholonomy is given through the structure constants C, we have that the completely antisymmetric Cartan tensor is given as
The connection can be decomposed as
where Λ is the Levi-Civita connection calculated respect to the metric defined in equation (25) , and where C are the structure constants given by equation (22) .
Riemann tensor for such a connection is equal to the partial derivative of the structure constants, and so it vanishes.
Finally, the fully contracted Jacobi-Bianchi identities for Cartan tensor reduce to
while Jacobi-Bianchi identities for Riemann tensor are identically verified.
Physical Models for Theories of Gravitation with a Completely Antisymmetric Torsion Tensor
After the previous decomposition of the connection in terms of the metric g and the completely antisymmetric Cartan tensor Q, we have seen that they turn out to be the fundamental tensors of tensorial geometry. When considered under the point of view of geometrical quantities, metric tensor g is the metric of the space, and for Cartan tensor Q the name of Torsion has been chosen to give the idea of the torsion of the space, beside the idea of the curvature of the space given by Riemann curvature tensor R.
Hence, for geometrical applications of Cartan tensor, we will call it Torsion Tensor.
I Flattening Process and Spontaneous Compactification Mechanism.
As we have seen in Sect. 1.2, a Lie group admits a connection, or better a metric and a completely antisymmetric Cartan tensor for which its Riemann tensor vanishes; this is referred to the Flattening of a space, and in this case, the space is said to be Parallelizable: hence, we can say that it is always possible to flatten the space represented by a Lie group.
Nonetheless, there are spaces which are not Lie groups, but they are parallelizable in this sense; this is the case of the 7-sphere S 7 : in fact, S 7 , being isomorphic to the unitary Octonions, which are non-associative, is not a Lie group, but a suitable completely antisymmetric Cartan tensor gives the possibility to get a vanishing Riemann tensor, thus it is parallelizable, as showed by Englert in [13] .
S 7 is a very important geometrical space, because it is parallelizable but, moreover, because it is the only sphere which can be parallelized.
In Englert's work [13] , the flattening of S 7 comes from the choice of the complete antisymmetry of Cartan tensor; on the background of the present discussion, the complete antisymmetry of Cartan tensor is not a choice anymore: it is the most general Cartan tensor we can have. Consequently, the connection used by Englert is not a particular connection chosen ad hoc, but it is the most general connection that we can use to parallelize S 7 .
The possibility to squash S 7 is essential in the framework of Kaluza-Klein Multidimensional Theories.
In these theories the space is considered a priori as a generic n-dimensional space, and then the number of dimensions is fixed by using physical considerations; according to Witten's observation that 11 is the only dimension for which a space is big enough to contain U(1) × SU(2) × SU(3) and small enough to allow supersymmetry ( [14] ), then 11-dimensional spaces are quite an attractive choice for the background of Kaluza-Klein's theories.
In 11-dimensional Kaluza-Klein theory, the parallelization of the S 7 is the fundamental process for the decomposition of the 11-dimensional space into the product of the 7-dimensional compactified space represented by the 7-sphere itself, and a remaining non-compactified 4-dimensional Minkowskian space-time; after that the vacuum space configuration of the theory is structured in M (1,3) × S 7 , the general form of the metric is fixed, and the known physical fields can take place in it (for a general introduction to Kaluza-Klein theories, see the original works of Kaluza and Klein, among the others, in [15] and also in [16] ).
The completely antisymmetric torsion in Kaluza-Klein theories is taken as a completely antisymmetric potential for a correspondent completely antisymmetric strength; this strength is the superfield we need to induce the spontaneous compactification mechanism for 11-dimensional Kaluza-Klein theory of supergravity (Englert [13] ).
Other application of the completely antisymmetric torsion tensor can be found in String and Superstring theories, as described by Agricola, Friedrich, Nagy and Puhle in [17] and by Gauntlett, Martelli and Waldram in [18] ; in particular, Wormholes are studied by Hochberg and Visser in [19] .
II Conservation Laws; interpretation of Spin. For whom is concerned by the superfield of the 11-dimensional Kaluza-Klein theories, and finds arbitrariness in the choice of the number of dimensions, 4-dimensional spacetime is then the only space in which theory of gravitation can take place.
Considering Jacobi-Bianchi fully contracted identities, it is possible to see that they are formally analogous to the conservation laws of energy and spin, and this analogy is then used to suggest a physical interpretation of energy as the origin of the spacetime curvature and spin as the origin of the spacetime torsion, giving rise to geometrical-physical field equations.
The very first time this method has been used is found in the work of Einstein; the background of Einstein's theory of gravitation is Riemann geometry, in which Cartan tensor is identically zero, and so, the fully contracted Jacobi-Bianchi identities reduce to
their form suggests the introduction of Einstein tensor
for which the fully contracted Jacobi-Bianchi identities read
Therefore, Einstein tensor is thought to be related to the energy-momentum tensor of matter fields, to give rise to Einstein's field equations, which describe how energy curves the spacetime in Einstein's picture, as exposed by Einstein in [20] .
In the framework of Riemann-Cartan geometry, the definition of Einstein tensor is generalized as
and it is no longer symmetric and divergenceless. Here, another tensor can be defined from Cartan tensor as
according to these definitions, we have a simplification in the form of JacobiBianchi identities for Cartan tensor, for which they reduce to
this relationship between Einstein tensor and the tensor S recalls very much the analogous relationship which holds between energy-momentum and spin. For this reason, the tensor S is supposed to be related to the spin tensor of matter fields as well as Einstein tensor is related to their energy-momentum tensor, to give rise to Einstein-Cartan-Sciama-Kibble's fields equations, which describe how energy and spin curve and twist spacetime in Einstein-CartanSciama-Kibble's picture, as exposed by Kibble and Sciama in [21] and [22] .
In our discussion, however, the definition (33) takes the simple form
which makes it trivial.
Nevertheless, the reason to give the definition of a modified torsion tensor such as in equation (33) was that, in this way, Jacobi-Bianchi identities (4) would have undergone to a correspondent modification, simplifying their form in order to make explicit the analogy with the conservation law of spin; within our discussion, Jacobi-Bianchi identities (4) are given as in equation (18), and so we have
which is not only analogous to the conservation law of the spin, but identical at all.
For this reason, here, we do not need to modify the torsion tensor, because the Jacobi-Bianchi identities for Cartan tensor are already in the form of the conservation law for the spin.
The Jacobi-Bianchi fully contracted identities for Riemann tensor, on the other hand, do not undergo to any sort of formal simplification; such a simplification can be accomplished by defining another tensor as
which has the same symmetry properties of Riemann tensor, it is identically zero in less than 4 dimensions and, for at least 4-dimensional spaces, it vanishes if and only if Riemann tensor vanishes; with it, the fully contracted Jacobi-Bianchi identities (19) are simplified as
In Einstein-Cartan-Sciama-Kibble theory, Cartan tensor is related to spin as well as Einstein tensor is related to energy-momentum; this picture leads to a physical meaning of the fundamental tensors g and Q (for a general discussion about Einstein-Cartan-Sciama-Kibble theory see, for example, the discussion of Trautman in [23] , and of Hehl, von der Heyde, Kerlick and Nester in [24] ). According to this interpretation, metric tensor is dynamically related to the curvature hence, via Einstein tensor, to the energy-momentum tensor of the matter; torsion is related to the spin of the matter: if matter is present, its energy-momentum will curve the spacetime, by changing its metric, its spin will twist the spacetime itself.
Re-phrasing J. A. Wheeler, we could say that "Mass tells space how to curve and Spin tells space how to twist"; the dual of this sentence could be "CurvedTwisted space tells spinning massive bodies how to move."
Under the point of view of the equation of motion, for macroscopic bodies we can consider the covariant generalization of Newton's Law
where u µ = dx µ ds and ds 2 = dx α dx β g αβ , and where F α is the covariant force acting on the body of mass m.
Because in the framework of Einstein-Cartan-Sciama-Kibble's theory the action of the gravitational field is already contained in the connection, the equation of motion in a gravitational field is a free equation of motion, so
this equation is called Autoparallel Equation, and it represents the straightest line between two points in a space of given connection. In absence of torsion we get
this is called Geodesics Equation, and it represents the shortest line between two points in a space of given metric.
Under the results obtained in our discussion, the equation (37) can be developed as
thus, even in presence of torsion, the autoparallel equation is not distinguishable from the geodesic equation.
This fact allows us to solve the AG paradox discussed by Fiziev in [25] , on the distinction between autoparallel and geodesic equation of motion for macroscopic bodies.
This paradox has also been discussed in the work of Xin Yu [26] , reviewed by Yuyiu Lam in [27] . In [26] , Xin Yu uses the very well known theorem on the possibility to find a frame in which locally the symmetric part of the connection is zero (see, for example, Kobayashi and Nomizu [28] ), as well as Einstein's Equivalence Principle, to prove that no symmetric-tensorial part such as in equation (12) can be present in the connection; this proof, however, is only local, and it is not clear how this statement can be extended to the whole space.
Here, if the HM condition is taken to be true, it is without any global extension, and without using the Principle of Equivalence, that torsion can be taken completely antisymmetric, removing the ambiguity of multiple symmetric connections, and solving the AG paradox.
Since no distinction is showed between autoparallel and geodesics, a macroscopic body does not feel the effects of spin.
In the interpretation given in the picture of Einstein-Cartan-Sciama-Kibble theory, at a microscopic level, spin is a vector, and thus, at a macroscopic level, the effects of spin tend to compensate each other in the average over all the directions, and spin disappears, so that macroscopic bodies do not feel the effects of spin; here, however, equation (38) tells us that torsion can not be detected for macroscopic bodies as a matter of principle, if we assume the HM condition to be true.
So, even if the space is twisted, it does not tell spinning macroscopic bodies how to move.
We have then two ways to detect torsion, respectively, without using test bodies or using test bodies of microscopical scales:
1. Cosmological models. Without test bodies, it is through cosmological measures that we can detect torsion fields. In the work [29] , Gönner and Müller-Hoissen build up a cosmological model in which torsion field is present as well as curvature, in the generalized Friedman equations; according to their assumptions, the most general torsion they can have has only two independent components, namely
where t is the time labeled by 0, and where i, j, k are the spatial coordinates.
In [30] , Böhmer describes the particular situation in which the field h is equal to zero; with the HM condition, the completely antisymmetric torsion constrains the field h to be zero, and the model considered by Böhmer is not one of the possible cases, but the only physical case this cosmological model can have. In this optic, Böhmer's ansatz of exponential expansion of a universe in which torsion is the leading contribution for field equations can explain the inflation era without the introduction of other particles, beside the fact that it can explain why torsion nowadays might be a small but non-vanishing field we can actually detect by cosmological measures (see de Andrade in [31] ).
Fermion/Torsion interaction.
Another way we have to detect torsion, is to use test bodies of microscopical scale, such as elementary particles of matter. Dirac Spinors are the most fundamental matter field in nature. They are fields of spin 1/2, and, interestingly enough, their spin tensor is a completely antisymmetric tensor. The fact that both the spin of Dirac spinor field and the torsion tensor are completely antisymmetric has a deep consequence: since spin precession carries information about the torsion field present in that region of space, and since the coupling between Dirac field and torsion is via a completely antisymmetric spin, then Dirac field's spin can detect only the completely antisymmetric part of torsion, as explained by Hehl in [32] ; but, on the other hand, since there is no other part in the decomposition of the torsion to be detected, Dirac spinors give informations about the whole torsion of the space. Beside, if we consider that higher spin (e.g. 3/2 spin) can be detected by other parts of torsion (e.g. the trace) then, either we assume that there are spins we will never be able to measure, or we conclude that there are no fundamental particles of matter with spin higher than 1/2, and so, that Dirac spinor is the sole fundamental matter field in nature. General considerations about the interaction Fermions-Torsion are considered by de Berredo-Peixoto, Helayel-Neto and Shapiro in [33] , as well as by Hehl in [32] ; also, for a general discussion about macro and microgravity, see Hehl in [32] . The way in which torsion can be detected by the precession of the spin of elementary particles is by using a gyroscope working with elementary particles' spin; such a device can be called a gyro-spin detector (Hehl [32] ).
Conclusions
In the present paper, we have considered the fundamental property of the connection for which, if one assumes what we have called the condition of Hyper-Metricity, then the Cartan tensor must be completely antisymmetric, and it has been showed, as an example, that Lie derivative is a covariant derivative with respect to a very particular connection which displays completely antisymmetric Cartan tensor. From a physical point of view, the complete antisymmetry of torsion is extremely important, both because it simplifies the formalism, and because it supplies the condition needed for plenty of applications in many different, and sometimes complementary, physical theories. The most important case in which we have complementary theories is related to the number of dimensions of the space. In 11-dimensional KaluzaKlein theories, the complete antisymmetry of Cartan tensor removes the arbitrariness in the flattening process which gives the squashed 7-sphere necessary for the spontaneous compactification mechanism; on this background, superstring theories can find place, and wormholes can be described. A complementary approach is given when we consider the number of dimensions fixed to 4; in the 4-dimensional theories of spacetime, torsion is interpreted as the spin of the matter fields. The structure of conservation laws of the Einstein-Cartan-Sciama-Kibble theory has been considered in the perspective of the completely antisymmetric torsion, and their general form has been reviewed. The equation of motion for macroscopic bodies has also been studied, and it has been showed that macroscopic bodies can not detect torsion: so, cosmological models have been taken into account, in order to measure torsion in a large scale system, without using test bodies; on the other hand, test bodies are considered from a microscopical point of view, by taking into account matter particles, in particular Dirac spinor fields.
Anyway, either considering applications of physical models in a strict sense, or going beyond, and taking into account purely geometrical theories, it is out of any doubt the importance and the leading role played by a completely antisymmetric Cartan tensor.
